For superpositions of electromagnetic plane waves in space whose directions span a small angular range θ , the circular polarization line singularities (of the full and transverse electric and magnetic fields) form clusters, each of four closely-spaced lines. The separations of lines in each cluster are calculated analytically in terms of the transverse electric field and are of the order of λθ -much smaller than the wavelength λ and smaller still than the transverse scale λ/θ of the intensity variations of the field. The electric and magnetic surfaces of transverse linear polarization also lie close together and the separation is calculated analytically, as are the positions on these surfaces of the lines of linear polarization of the full fields. To the two lowest orders in θ , the local wavevector (geometric phase 1-form) is the same for the electric and magnetic fields. The sub-wavelength singular structures are illustrated by numerical calculations.
Introduction
In a seminal paper, Nye and Hajnal [1] discovered that the polarization singularities for typical monochromatic electromagnetic fields in three dimensions are C lines, on which the polarization is purely circular, and L lines, on which the polarization is purely linear. In general the singular lines for the electric field (C E and L E , say) and for the magnetic field (C B and L B , say) are different. This picture was confirmed in detail by experiments with microwaves [2] . For transverse fields, that is two-dimensional fields, or threedimensional fields where one component is neglected, the circular polarization lines (now called c E and c B ) are different from the C E and C B lines [3] and the linear polarization singularities are surfaces ( E and B ) [4] ; these phenomena were also observed [5, 6] .
My main purpose here is to explore the interplay of these different situations, as it occurs in paraxial optics (section 2). In this limiting regime, the plane waves into which freely propagating fields can be decomposed span a small range θ of directions, centred on the positive z direction e z . Then the longitudinal fields E z , B z are small in comparison with the transverse fields E t , B t . In the approximation of purely transverse fields, in which the z components are neglected, it follows from Maxwell's equations that E t · B t = 0, and this orthogonality implies that the c E and c B lines coincide, as do the E and B surfaces. When the effects of the z components are included to the lowest order in θ , E t and B t are no longer perpendicular, and the c E and c B lines separate and become distinct from the C E and C B lines resulting from inclusion of the longitudinal fields (section 3). In addition, the E and B surfaces separate and, when the longitudinal fields are included, condense onto the L E and L B lines (section 4).
In the paraxial approximation, these separation and condensation phenomena can all be described analytically in terms of the transverse electric field E t and its transverse derivatives (the alternative choice B t would give an equivalent representation).
In section 5, the local wavevector, uniquely defined [1, 7, 8] to be nonsingular at the polarization singularities, is studied in the paraxial approximation. The result is that, although in general the wavevectors are different for the electric and magnetic fields, in the lowest two orders in θ they are the same for the two fields, thereby defining a nontrivial natural position-dependent paraxial propagation direction for the whole electromagnetic field.
Section 6 illustrates the singularity phenomena with numerical calculations.
Let the full electric and magnetic fields in free space, written in terms of the three-dimensional complex fields E and B, be
Re
It is convenient to separate the transverse and longitudinal fields, that is
where the left-and right-handed circular components of the fields have been introduced (with the convention that {E x , E y } = {1, i}/ √ 2 is right-handed). The C and c lines are loci where the full and transverse field vectors are nilpotent, that is [8] [9] [10] 
These singularities are lines, because the vanishing of a complex quantity, e.g. E · E implies two conditions. The L and singularities are loci where the real and imaginary parts of the field vectors are parallel, that is
As can easily be seen, the L conditions are equivalent to requiring the parallelism of two real 3-vectors, e.g. Re E and Im E; this corresponds to two conditions, so the L singularities are lines in space. The singularities are equivalent to requiring the parallelism of two real 2-vectors, corresponding to one condition, so the singularities are surfaces in space.
In their original papers, Nye [3, 4] and Nye and Hajnal 
Paraxial approximation
This has been derived many times; it is summarized here in order to make the representation self-contained and to establish notation. We work with the complex fields defined in (1), with the z direction conveniently chosen, for example as the direction of zero transverse momentum, that is, vanishing integral of the Poynting vector Re E * × B over the r plane with z fixed. Paraxiality means that the z variation of the complex fields E and B is slow in comparison with the wavelength λ = 2π/k = 2πc/ω, so the factors involving k in (1) dominate the z derivatives (i.e. formally, k is a large parameter).
Paraxiality enables the longitudinal components of the fields to be approximated in terms of the transverse components, using the Maxwell divergence equation:
Manipulation of the two Maxwell curl equations, incorporating the longitudinal fields (5) (or one of the curl equations, together with the vector paraxial wave equation), now leads to
In the lowest paraxial approximation, where the terms in 1/k 2 are neglected, the transverse fields E t and B t are perpendicular, that is E · B = 0. A more compact form of (6) can be written in terms of the circular polarization components defined in (2) and complex coordinates
A short calculation gives
Finally, the longitudinal component B z in (5) can be expressed in terms of the transverse electric field E t ; to lowest order in k
All components of both fields E and B have now been expressed in terms of the transverse electric field E t .
Circular polarization (c and C) singularities
Consider first the transverse fields. For given z, the c singularities are points in the r plane. The condition for a c E point (third equation in (3)) can be written
Similarly, a right-(left-)handed c B point corresponds to the vanishing of B L (B R ). The magnetic transverse components are given by (8) . If the contributions in 1/k 2 are ignored, the conditions for c E and c B are the same, so the electric and magnetic c points coincide. With the corrections included, the points separate, in a way now to be calculated.
The c B points satisfy the fourth equation in (3), namely, to lowest order in k • (x and y in wavelength units).
Consider a right-handed c E point at r cE , that is E L (r cE ) = 0, and let the corresponding c B point lie at
The shift δ cB can be found by perturbation theory, starting from (11), as the solution of
The observation that δ cB is a real vector leads to
where all quantities are evaluated at r cE . For a left-handed c B point, L and R are interchanged and ζ is replaced byζ . It is instructive to estimate the magnitude of this splitting of the c E and c B points. In a paraxial field whose plane waves span a small angular range θ , the scale of gross features of the field pattern (e.g. the maxima of the field energy density
is λ/θ ; see figure 1, to be discussed later. Then, using ∂/∂x ∼ θ/λ, etc, it follows that the longitudinal field components (5) and (9) are smaller than the transverse components by a factor of the order of θ , and for the 1/k 2 corrections in (6) the factor is of the order of θ 2 , so the paraxial expressions (formally, large k) indeed correspond to small θ . Incorporating this observation into the transverse derivatives in (14) gives
This is smaller than the paraxial transverse scale by a factor θ 2 and represents sub-wavelength geometrical structure in the field, as is familiar in singular optics (see, e.g., [11] ). All subsequent shifts will have the same order of magnitude.
Consider now the C singularities of the full threedimensional field, starting with the electric C E points (again in the r plane with given z). From the first equation in (3), and using (5), these satisfy
Supposing the C E point to be shifted from the c E point r cE to
(see (12) ), perturbation theory gives the shift as
This is for a right-handed C E point; for a left-handed point, E L is replaced by E R . The magnetic C B points satisfy the second equation in (3), which with (8) and (9) can be written as
Assuming this to be shifted from the electric c E point to
perturbation theory gives, for a right-handed C B point,
for a left-handed C B point, E L is replaced by E R . All four of the circular polarization points c E , c B , C E and C B form a paraxially close cluster, in the sense that all their separations are of the order of λθ and all points in a cluster have the same handedness.
Linear polarization ( and L) singularities
Consider first the transverse fields. For given z, the singularities are lines in the r plane. The condition for a E line (third equation in (4)) can be written as
The B line, slightly displaced from this, satisfies the fourth equation in (4) and can be written
To calculate the displacement, we again use perturbation theory, starting from a point r E on the E line. Let δ B be the perpendicular displacement of B from E , in the direction
For the full three-dimensional fields, the L singularities, for given z, are points in the r plane. The L E points lie on the line E (equation (22)) determined by the z component of the first equation in (4); their location on this line is fixed by the x and y components of this vector equation. After using (5), this leads to
Re(E *
The L B points lie on the B line, which to leading order coincides with the E line. The further restriction, locating the points on this line, is the vanishing of the x and y components of the second equality in (4) , that is, using (9),
Because (25) and (26) do not involve k, paraxiality does not imply that the L E and L B points lie close to one another. It might seem that one of the two components of either of the transverse vector equations (25) and (26) is redundant, being implied by the other component, together with the z component (23), since these originate in the first two equations in (4), equivalent to the parallelism of two 3-vectors. But this is not always so; sometimes, the simultaneous vanishing of all three components is required to fix the L E points, as explained in the appendix to [1] .
Local wavevectors
With any wave in three dimensions that is not simply plane or spherical, the question arises of specifying a local propagation vector k(r, z). Some apparently simple choices [1, 7] are unsatisfactory because they break down on L or C lines. A choice that does not suffer from this defect is an adaptation [7, 12] of the Pancharatnam connection underlying the geometric phase 1-form [13] [14] [15] . For the electric field, the wavevector is
where the scalar product connects e * and e, and
is the locally normalized complex electric field in three dimensions. k E is geometric in the sense that it depends only on this locally normalized field, and nonintegrable in the sense that ∇ × k E = 0. The wavevector k B for the magnetic field is defined analogously. Of principal interest is the transverse component of k E , namely
To approximate this exact expression paraxially, it is convenient to separate the transverse and longitudinal components and introduce the normalized transverse electric field:
A short calculation, making use of (5) to eliminate E z , gives, to order 1/k 2 ,
where
A similar calculation for k B , using (6) and (9), gives the same result if terms of the order of 1/k 2 (the terms involving µ) are neglected. Thus
The direction of this vector defines a natural local propagation direction for any paraxial electromagnetic field. Like the exact expression (27), (33) is non-singular everywhere. An attractive feature of (33) is that the transverse component k Et inherits the geometric and nonintegrable features of the full threedimensional vector k E . In terms of the spread θ of the component plane waves, the transverse part k Et is of the order of kθ , so the local direction of k E deviates from the z direction by angles of the order of θ , as it should. If terms of the order of 1/k 2 are included, k E and k B differ and their directions differ by angles of the order of θ 3 . Moreover, the geometric character is lost because of the appearance of the field intensity E * t · E t in (31) and (32) (and in the corresponding formulae for k Bt ).
Numerical illustration
We will explore a slight generalization of a field studied experimentally by Hajnal [2] , consisting nominally of three same-handed elliptically polarized plane waves (a, b, c) making the same angle θ with the z axis and symmetrically arrayed around it, that is with wavevectors
The total electric field is
The degree of polarization of the waves is specified by the ellipticities 
For the fields E a and E b , the long axes of the polarization ellipses, projected onto the r plane, are parallel to the x axis; 
, for the field of figure 1 , over a magnified range. Intersections mark the zeros of Q, which are the circular polarization singularities of the field; 16 lines enter the apparent singularities, indicating that each is an unresolved cluster of four elementary singularities.
for E c , the long axis is parallel to the y axis. In Hajnal's experiment [2] , the nominal values of the parameters were θ = 15
e. eccentricity 0.6). With the convention in (2) (opposite to Hajnal's), all polarizations are right-handed for b i > 0.
The corresponding magnetic field is B = B a + B b + B c , where
Since for all field components the z dependence consists of the same phase factor, all polarization singularities are independent of z (lines c, C and L, and surfaces ); therefore it suffices to study these in the r plane (points c, C and L, and lines ).
In numerical computations, we will work with the exact fields, even for small θ . To evaluate the theoretical expressions for the separations of the singularities, derived in sections 3 and 4, it suffices to use the small-θ limiting form for the transverse electric field, ignoring the irrelevant z dependence, namely
(39) Figure 1 shows the power distribution in an electromagnetic field of the form (36)-(38), with three different polarization ellipses. The variations are roughly on the expected paraxial scale λ/θ ∼ 7.6 and there is no hint of the fine-scale singularity phenomena being explored here. Figure 2 shows a three-fold linear magnification, plotting instead the zeros of the real and imaginary parts of the product Q of all four complex quantities in (3) . At each of the separate c and C singularities, the Re Q and Im Q contours cross, so four lines should be attached to each singularity. In figure 2 , however, 16 lines appear attached to the singularities, suggesting that each is an unresolved cluster of four. The further 100-fold magnification in figure 3 shows the resolution of one of these clusters into the four types of circular polarization singularity described in section 3, identified individually by plotting the four quantities E t · E t , etc, separately. The separations of the singularities are smaller than would be expected on the basis of the rough estimate λθ ∼ 0.13, but comparable with λθ/2π ∼ 0.02. Table 1 shows a comparison of the separations measured from figure 3 with the theoretical formulae (14) , (18) and (21), confirming the accuracy of the paraxial theory.
The corresponding linear polarization singularities are shown in figure 4 . Note that the E and B lines are close through most of their length, as predicted by (24) To study the approach to paraxiality, we now consider the case where b a = b b = b c = b in (36), so all three polarization ellipses have the same eccentricity. The circular components of the paraxial field (39) then take the simple form
Apart from a phase, these components are periodic, so the singularities form lattices. The circular polarization singularities c E , c B , C E and C B form clusters close to the zeros of E L and E R , for which we choose as examples
The paraxial displacements of the c B , C E and C B points from the c E point can now be calculated analytically from the formulae in section 3, leading to
Several conclusions follow from these results. First, the four singularities in each cluster lie on a straight line (parallel to e x ,); this feature, specific to the case where all b i are the same, appears in some of the singularities observed experimentally, as can be seen by superposing figures 2 and 4 of [2] . Second, the separations of singularities in left-handed clusters are smaller than those in right-handed clusters by a factor (1 − b) 2 /(1 + b) 2 , which for b = 0.8 is 0.012. This seems to be reflect the non-rigorous distinction made by Hajnal between 'strong' and 'weak' c points: strong c points are those with the opposite hand to the three waves comprising the field and are less vulnerable to paraxial perturbation than the weak c points, which have the same hand as the waves in the field; the distinction is not a general one but reflects the fact that all waves in the beam have the same hand. Third, because of the numerical factors in (42), the separations between the two E singularities (c E and C E ), and between the two B singularities (c B and C B ), are much smaller (up to 10 times) than the separations between the two c singularities and the two C singularities. Figure 5 shows the convergence of the separations between the right-handed ('weak') circular polarization singularities to those predicted by the paraxial theory (42) as θ becomes smaller. The range over which the paraxial theory is accurate is much larger for the two c singularities ( figure 5(a) ) than for the other separations.
